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REGULARIZATION OF INTEGRODIFFERENTIAL
'FADDEEV EQUATIONS OVER ANGULAR VARIABLES

V.V.Pupyshev

A system of integrodifferential Faddeev equations is explored.
A spectral representation of its nonlocal operators and an angular
asymptotics of partial components of the wave function are found.
A regularization of the initial equations at singular points of the
angular part of a free three-particle Hamiltonian is performed.

The investigation has been performed at the Laboratory of Theore-
tical Physics, JINR.

Perynapusaipist uHTerpogugpepeHIHaILHLIX YpaBHEeHHH
®danneesBa No yrioBbIM IIEPEMEHHBIM

B.B.IlymnieB

Hccnepyerca cucreMa MHTerpomudepeHIHaTbHBIX Yy paBHEHHI
QanneeBa. HaiineHo cnekTpanbHOE IPEACTAB/IEHHE ee MHTET PATbHBIX
OIEpaToOpOB M aCHMATOTHK IAPIHMANTBHBIX KOMIIOHEHT BOJHOBOMH
dyuxkuyn no yriaoBoii nepemenHoi. OcCylIecTBlICHa perynApH3alMA
HCXOIHBIX YPaBHEHHMH B 0COGBIX TOUKAX YITIOBOH 4acTH cBoBOIHOro
TPEXUaCTHYHOTO TaMHJIbTOHHAHA.

PaGota BomonHeHa B JIaGopatopuy Teopernyeckoit pusuku OUAHN.

1. INTRODUCTION

Differential equations /1

(H -E + V)Y ==V, (¥ +¥), (ijk) =(123),(231), 312) (1)

for Faddeev components ¥; of the wave function ¥ =¥, +¥; + ¥

are intensively utilized now for studying different properties of three-
particle nuclear systems. Equations (1), by decomposing the wave-

function-components
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over the bispherical basis 72/

LM ,» & LM
Y

a V%) =2 Clp Vg ()Y, (%)

are reduced” 3’ to a system of integrodifferential equations. Its solution,
i.e. partial components ®f L (x4, ¥{), are functions only of two va-
riables, in contrast - to components v (X i v i ) depending on six va-
riables. In the polar coordinates p = (x2 +y 2)*%, ¢, = atctg(y, /x, )
the system of integrodifferential equations has the following form

- . .2 A al .
[3p2+p13p+p Ag. +E -V, (poosg )10, (p, ) =

~ L a'L
=>V1<Pws¢i>§ T<gilhg, 1@y (p, dy) >, (3)
. k ia .

’

i =128, a=(\20), a’=(A"0°), A+l =L =r"+10",
(pr ¢, ) €RE=1(p,$):0<p <, O<gpsn/2l.

Here we assume that the two-body potentials are central, i.e. \A (i’ )=
=V, (x,) and take for the angular part of the two-dimensional Lapla-
cian the following notation

A% = 9% - AA +1)/sin®p - 0(€ + 1)/ s, )

The requirement/ 8/ ‘l‘i = Cég and representation (2) provide the

boundary conditions

O (p, 6,1 =0, pel0,ml, ¢,=0,n/2; p=0, ¢, [0, r/2].5)

The boundary conditions at points (p = =, ¢; ) are determined by
the total energy E of a three-particle system under consideration /47,
In the framework of equations (3) a numerical investigation of three-
charge particle systems (for example ddyu,dTu,...) is a very comp-
licated problem. One difficulty is due to the Coulomb potentials. They
act in all the waves, and therefore the number of partial components
o L taken into account, or the rank of the truncated system (3), must
be sufficiently large. Another is the necessity of knowing an exact form
at the asymptotic behavior of partial components near all the bounda-
ries of the Rf region. The latter is important to guarantee the requi-
red accuracy of calculations of properties of three-charge particle sys-
tems.
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For this reason, a regularization of equations (3) is an urgent prob-
lem. The first step along this line is made in the present work It con-
sists in finding leading asymptotic terms of the functions ®¢! on the
axis ¢ = 0,n/2 and in regularizing equations (3) at singular pomts b=
=0,n/2 of operators (4).

2. HYPERHARMONIC APPROACH
AND INTEGRODIFFERENTIAL EQUATIONS

L
If d)ai c Cif and the two-body potentials are nonsingular,
ie. vV, & c? , lim x7 V (x;)=0, then the leading asymptotic

Ch ) ;>0
i
terms of partial components at the boundaries are determined by singu-
larities of operators (4). Therefore, the following representations

Q(:L(p,¢i)=~(8in¢i)x+1(dos¢i)z+1S?L(p,¢i),i=1.2.3. 6)

take place, and regular solutions / 5/

~

I . A+1 £+1 (A%, l+4) N
Wk (o) = N, g (sing) (cos ¢) P (c0s2¢),

n =0,1,..., K=2n+A+1¢
of the boundary value problem

(A%+ (R+2)°1W (@) = 0, ¢ & [0,m/2],

®)
W (8) =0, ¢ =0, n/2,

compose an orthogonal angular basis of the problem (3), (5). Equations
(3), by decomposing the partial components
al oy
O (pg) = I PN (g, 1123, Kaidsl, (©)
over basis (1), reduce to the system of ordinary second-order differen-
tial equations

p> lé:+ p'lép +E —p2(K +‘2)2]8. -ve (P)lf?; (p) =

m=o nm inm
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; a : W ~L W fa'L( )
= Vlnm (p) 22‘ < aK'lhaa" a'K"> kp p N
m,p=0 k#1ia

K =2n+)N+/f2, K°=2m +A +0°, K”=2p+A"+10"," (10)

a .
\F = <waK|VilwaK'>"

nm
. L
for unknown radial functions ;- (p), n = 0,1,...

Notice that the sequence of series (2), (9) is equivalent to the ex-
pansion of components

N alL -g aL ~ ~ . 11
al

over polyspherical hyperharmonics
alL ~ ~ LM A A
UK (¢, y,x) =2 cosec2¢WaK(¢)‘Ha (y,x).

Let us apply the hyperharmonic approach not to the Schrédinger three-
particle equation, as it is usually done, but to its Faddeev splitting (1),
i.e. substitute the components (11) into the system (1). As a result,
we obtain a set of equations whose left-hand side is identical with the
one of set (10) and the right part contains, instead of the matrix ele-
ments of hl .-operators, the well-known Rejnal-Revai/8/coefficients
<ala’ %1, - The equalities

~ L

<Waxlhaa'|w‘ > =8, ,<ala’">

a’K’ KK KL’

thus proved and the completeness of the function set (7) provide us
with the spectral representations of the nonlocal operators

~Lo . (12)
higr= % lwaK > <ala’> <W,og |-

Formulae (10) (12) generalise the results of works’’”and the previous
author’s work’ %/ to the case of arbitrary indices a,e”, L.  and particle
masses.

3. REGULAR OVER ANGULAR VARIABLES

Now we substitute the partial components (6) into the system (3)

and introduce new angular variables V; = 0S2¢, . Asaresult, we ob-
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tain the set of equations

iap +pla +p 21401 -vE )av —a(a -0+ (3+r+0)v, )a

(A +0+2)%) + E -V, (p, vi)}SiaL (p,v; ) = (13)

a’L
-V, (pv) 3 <v,|n 8% T(p v )>, i-1,2,3.

k
k£i a’

for new unknown functions SaL (p, £1) #0. They have no zeros of
order » and { of the boundanes v; =+1,-1, respectively, in cont-
rast to the partial components (D“ . The kemels of the new operators

~

= A -
Bl (s ™ osg) Tt

L . A’ [ X
x haa,[(smd:k) (s, ) 1,

owing to equalities (7) and (12) are regular functions. The angular part
of the new Laplacian does not contain singular operators, in contrast
to the old (4). Thus, we perform a regularization (13) over angular va-
riables of equations (3).

A next, more complicated step is a regularization of equation (3)
over the radial variable. Investigation of the set (10) in a vicinity of its
singular point p = O is one possible way for solving this important
problem.

4. CONCLUSION

In conclusion we briefly summarize main results of the present
work. The spectral representation of the nonlocal operators h is

found for arbitrary indices a,a” and L. The connection (9-12) bet-
ween the integrodifferential three-particle approach and the hyperhar-
monic one is established in a most general case. Equations (13) regular
over angular variables are constructed.

REFERENCES

1. Noyes HP. — In: “Three-Body Problem in Nuclear and Particle
Physics”, North Holland, Amsterdam, 1970, p.2.

49



50

. Bapwanosuu JI.A., Mockanes H.A., Xepconckuit B.K. — ”KpanTo-

Bas TeopuAa yrjosoro Mmomenra”, “Hayka’’, J1., 1975,

- Merkyriev S.P., Gignoux C., Laverne A. — Ann.Phys., 1976, 99,

p.30.

- Mepkypsep C.I1., ®annees JI.1l. — "KBaHTOBasA Teopuna paccesHus

AUl CUCTEM HeCKOAbKHX vactun”’, “Hayxa”, M., 1985.
’ y »

. AbpamoBun M., Cruran M. — “ChnpaBOYHMK 110 CHELMATBHBIM

dyuxkunam”, “Hayka’’, M., 1979.

. Rejnal J., Revai J. — Nuovo Cimento, 1970, 68A, p.612.
. Mandelzveig V.B. — Ann.Phys., 1977, 104, p.1.

M.Fabre de la Ripelle. — Few-Body System, 1986, 1, p.181.

. NNyneimes B.B — A, 1986, 43, ¢.420, Ipenpuar OUAH,

E4-84-808, [lyGua, 1984.

Received on February 24, 1987.





